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1 Introduction

The objective in conventional stochastic optimal control is to minimize an expected cost-to-go. Risk sen-
sitive optimal control generalizes this objective by minimizing an expected exponentiated cost-to-go. De-
pending on its risk parameterθ, expected exponentiated cost-to-go puts more emphasis on the mode of the
distribution of the cost-to-go, or on its tail, and in that way allows for a modelling of more risk seeking
(θ < 0) or risk averse(θ > 0) behaviour. The conventional optimal control can be viewed as a special case
of risk sensitive optimal control with a risk neutral parameterθ = 0.

Risk sensitive control was first considered in continuous space in the LEQG problem [1], which is the
risk sensitive analogue of the Linear Quadratic Gaussian (LQG) problem. Relations with other fields such
as differential games and robust control have initiated a lot of interest for risk sensitive control.

The dynamic programming (DP) principle provides a well-known approach to a global solution in
stochastic optimal control. In the continuous time and state setting that we will consider, it follows from the
DP principle that the solution to the control problem satisfies the so-called Hamilton-Jacobi-Bellman (HJB)
equation, which is a second order nonlinear partial differential equation. If the dynamics is linear and the
cost is quadratic in both state and control, the HJB equationcan be solved exactly, both for LQG and LEQG.

Recently, a path integral formalism has been developed to solve the HJB equation. This formalism
is applicable if (1) both the noise and the control are additive to the (nonlinear) dynamics, (2) the cost is
quadratic in the control (but arbitrary in the state), and (3) the noise satisfies certain additional conditions.
Under these conditions the nonlinear HJB equation can be transformed into a linear one, which can be solved
by forward integration of a diffusion process [2]. This formalism contains LQG control as a special case.

In our full paper [3] we show how path integral control generalizes to risk sensitive control problems.
The required conditions to apply path integral control in the risk sensitive case are the same as those in
the risk neutral setting. As a consequence, characteristics of path integral control, such as superposition of
controls, symmetry breaking and approximate inference, carry over to the setting of risk sensitive control.

2 Risk Sensitive Behaviour

We make use of the path integral solutions to obtain insight in risk sensitive control, and in particular interpret
risk sensitive optimal control as emergent behaviour of an agent with an optimistic or pessimistic attitude.

We first illustrate this in the case where the agent has to reach a target or avoid a threat, see Figure 1. The
figure shows controls as a function of the state at a fixed time,for risk seeking(λθ < 1), neutral(λθ = 1)
and averse(λθ > 1) behaviour. The parameterλθ arises naturally in risk sensitive path integral control and
is related toθ by λ−1

θ
= λ

−1

0
− θ, whereλ0 is a constant. In case of a target (threat), whenλθ < 0 (λθ > 0)

the control is about zero, which can be explained by the fact that in that case the control is less sensitive to
targets (threats). We see that the nonzero control has a bounded support, that increases if|λ−1

θ
| increases.

This can be understood from the fact that the control is nonzero only when the agent gets sufficiently close
to the target or threat. If not, control cost towards the target is too expensive compared to the reward, or the
probability to hit the threat is so small that a significant control is not needed.

The second example considers the phenomenon of symmetry breaking. Figure 2 shows the control at two
different timest in case of two targets or two threats that are located at−1 and+1. In case of two targets,
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Figure 1: The control as a function of the state in case of a target (a) or threat (b) located at0, with λθ = − 1
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(a) Two targets,t = 0
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(b) Two targets,t = 0.5
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(c) Two threats,t = 0
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(d) Two threats,t = 0.5

Figure 2: The control as a function of the state in case of two targets (a,b) or threats (c,d), withλθ = − 1
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(−−). There is no symmetry breaking at timet = 0 but there is at timet = 0.5.

at an early time(t = 0) the optimal control is towards the middle, whereas at a latertime (t = 0.5) there
is a symmetry breaking, and the agent makes a choice towards which target it steers. In case of two threats
a similar but reversed phenomenon occurs. The risk sensitivity does not influence the point of symmetry
breaking, but it does influence the magnitude of the control,just as in the single target or threat case.

A third case that we consider is a target and an adjacent threat. Figure 3 shows histograms of the log-
probability of the cost. We see that with largerθ, the mode of the distribution shifts to higher costs. On the
other hand, the tails of the distribution at the high cost endare thinner with largerθ. This is what is to be
expected: smallθ is more greedy, aiming at low cost, however at the expense of some outliers with high
costs. A largerθ is more cautious, reducing the probability of costly outliers.
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(a) θ = −1
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(b) θ = 0
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(c) θ = 1
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(d) θ = 3

Figure 3: The log-probability of the cost in the case of a target and an adjacent threat.


